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Abstract
In this paper, we show that every (3k − 3)-edge-connected graph G, under a certain condition on
whose degrees, can be edge-decomposed into k factors G1, . . . , Gk such that for each vertex v ∈ V (Gi),
|dGi(v)− dG(v)/k| < 1, where 1 ≤ i ≤ k. As application, we deduce that every 6-edge-connected graph
G can be edge-decomposed into three factors G1, G2, and G3 such that for each vertex v ∈ V (Gi),
|dGi(v)− dG(v)/3| < 1, unless G has exactly one vertex z with dG(z)
3
6≡ 0. Finally, we give a sufficient
edge-connectivity condition for a graph G to have a factor F such that for all vertices v, except possibly
one, |dF (v) − εdG(v)| < 1, where ε is a real number with 0 < ε < 1. Moreover, for the exceptional
vertex, we give sharp bounds.
Keywords: Factorization; equitable edge-coloring; odd edge-connectivity; modulo orientation; regular
graph.
1 Introduction
In this article, graphs have no loops, but multiple edges are allowed, and a general graph may have loops
and multiple edges. Let G be a graph. The vertex set and the edge set are denoted by V (G) and E(G),
respectively. We denote by dG(v) the degree of a vertex v in the graph G, whether G is directed or not.
Also the out-degree and in-degree of v in directed graph G are denoted by d+G(v) and d
−
G(v). An orientation
of G is said to be p-orientation, if for each vertex v, d+G(v)
k
≡ p(v), where p : V (G) → Zk is a mapping
and Zk is the cyclic group of order k. For any two disjoint vertex sets A and B, we denote by dG(A,B) the
number of edges with one end in A and the other one in B. Also, we denote by dG(A) denotes the number
of edges of G with exactly one end in A. Note that when G is a general graph, dG({v}) denotes the number
of non-loop edges incident with v, while dG(v) denotes the degree of v. We denote by G[A] the induced
subgraph of G with the vertex set A containing precisely those edges of G whose ends lie in A. Let g and
f be two integer-valued functions on V (G). A (g, f)-factor of G is a spanning subgraph F such that for
each vertex v, g(v) ≤ dF (v) ≤ f(v). A parity (g, f)-factor of G refers to a spanning subgraph F such that
for each vertex v, g(v) ≤ dF (v) ≤ f(v) and g(v)
2
≡ dF (v)
2
≡ f(v). An f-factor of G refers to a spanning
1
subgraph F such that for each vertex v, dF (v) = f(v). A graph G is calledm-tree-connected, if it contains
m edge-disjoint spanning trees. A graph G is termed essentially λ-edge-connected, if all edges of any
edge cut of size strictly less than λ are incident to a vertex. A graph G is called odd-λ-edge-connected,
if dG(A) ≥ λ, for every nonempty proper vertex subset A of V (G) with dG(A) odd. Note that a 2λ-edge-
connected graph is odd-2λ-edge-connected, and is also odd-(2λ + 1)-edge-connected. A graph G is called
odd-element-λ-edge-connected, if dG(A) ≥ λ, for every nonempty proper vertex subset A of V (G) with
|A| odd. Note that when G whose degrees are odd, |A| is odd if and only if dG(A) is odd. A factorization of
G1, . . . , Gk of the edges of G is called equitable factorization, if for each vertex v, |dGi(v)−dG(v)/k| < 1,
where 1 ≤ i ≤ k. The above-mentioned definitions can easily be extended for general graphs in the same
way. Throughout this article, all variables k are positive and integer.
In 1971 de Werra observed that bipartite graphs admit equitable factorizations.
Theorem 1.1.([22]) Every bipartite graph G can be edge-decomposed into k factors G1, . . . , Gk such that
for each v ∈ V (Gi),
|dGi(v) − dG(v)/k| < 1.
In 1994 Hilton and de Werra proved that any given arbitrary simple graph admits nearly equitable
factorizations. In particular, the family of simple graphs that have no vertices with degree divisible by k
admit equitable factorizations. In 2011 Zhang and Liu [23] showed that this family of simple graphs can
be developed to a larger family of simple graphs whose vertices with degree divisible by k form an induced
forest.
Theorem 1.2.([9]) Every simple graph G can be edge-decomposed into k factors G1, . . . , Gk such that for
each v ∈ V (Gi),
|dGi(v) − dG(v)/k| ≤ 1.
In this paper, we give several sufficient connectivity edge-conditions for the existence of an equitable
factorization in graphs satisfying a simple condition on whose degrees as the following theorem.
Theorem 1.3. Let G be a (2k−1)-edge-connected essentially (3k−3)-edge-connected (loopless) graph, where
k is a positive integer. If there is a vertex set Z with |E(G)|
k
≡
∑
v∈Z dG(v), then G can be edge-decomposed
into k factors G1, . . . , Gk such that for each v ∈ V (Gi),
|dGi(v) − dG(v)/k| < 1.
Recently, Thomassen (2019) gave a sufficient odd edge-connectivity condition for the existence of a
regular factorization in odd-regular graphs as the following theorem. In this paper, we develop this result
to even-regular graphs and provide a common version for both of them by replacing odd-element edge-
connectivity condition 3k − 2. As an application, we deduce that every 3r-regular general graph of even
order with odd-element edge-connectivity at least r − 2 can be edge-decomposed into 3-factors.
2
Theorem 1.4.([20]) Let k and r be two odd positive integers with r ≥ 3. If G is an odd-(3k − 2)-edge-
connected kr-regular general graph, then it can be edge-decomposed into r-regular factors.
In 2007 Correa and Goemans investigated factorizations of bipartite graphs and constructed the following
theorem. Their proof was based on a result due Hoffman (1956) [10] on bipartite graphs, which says that
every bipartite graph G has a factor F such that for each vertex v, |dF (v) − εdG(v)| < 1, where ε is a real
number with 0 < ε < 1.
Theorem 1.5.([3]) Let ε1, . . . , εk be k positive real numbers with ε1+ · · ·+εk = 1. If G is a bipartite graph,
then it can be edge-decomposed into k factors G1, . . . , Gk such that for each v ∈ V (Gi),
|dGi(v)− εidG(v)| < 3.
In 2008 Feige and Singh [5] generalized Theorem 1.5 to general graphs by replacing the following theorem
of Kano and Saito (1983) in the proof. This theorem guarantees the existence of a factor with degrees near
to εdG(v) in general graphs.
Theorem 1.6.([11]) Let G be a general graph and let ε be a real number with 0 < ε < 1. Then G has a
factor F such that for each vertex v,
|dF (v)− εdG(v)| ≤ 1.
Furthermore, when ε dG(v) is integer, we can arbitrary have −1 < dF (v) − εdG(v) or dF (v)− εdG(v) < 1.
It would be interesting to decide whether the upper bound in Theorem 1.5 can be pushed down to 1 for
general graphs with high enough edge-connectivity, depending on the smallest εi, under a certain condition
on whose degrees. In this paper, we restrict our attention to answer a weaker version of this problem. More
precisely, we give sufficient edge-connectivity conditions to improve Theorem 1.6 by replacing the term
“ < 1” as the following result.
Theorem 1.7. Let G be a general graph and let ε be a real number with 0 < ε ≤ 1/2. Assume that G
contains a vertex z that εdG(z) is not integer or
∑
v∈V (G) εdG(v) is an even integer. If G is ⌈1/ε⌉-edge-
connected, then it has a factor F such that for each vertex v,
|dF (v)− εdG(v)| < 1.
Moreover, we provide an improvement for Theorem 3.4 in [1] by replacing a weaker edge-connectivity
condition. As a consequence, we refine the needed edge-connectivity of the main result in [2] by replacing
odd edge-connectivity condition as the following theorem, which implies that every r-regular graph of even
order with odd edge-connectivity at least ⌈r/3⌉ admits a 3-regular factor.
Theorem 1.8. Let r and and r0 be two odd positive integers with r ≥ r0. If G is an odd-⌈r/r0⌉-edge-
connected r-regular general graph, then it contains an r0-factor.
3
2 Equitable factorizations of directed graphs
In this section, we shall formulate following theorem on existence of equitable factorizations in directed
general graphs that provides a relationship between orientations and factorizations of general graphs and is
motivated by Theorem 2 in [20].
Theorem 2.1. Let G be a general graph and let k be a positive integer. If the edges of G are directed, then
it can be edge-decomposed into k factors G1, . . . , Gk such that for each factor Gi, | |E(Gi)| − |E(G)|/k| < 1,
and for each v ∈ V (Gi),
|d−Gi(v)− d
−
G(v)/k| < 1 and |d
+
Gi
(v) − d+G(v)/k| < 1.
In particular, |dGi(v)− dG(v)/k| < 1, when d
−
G(v) or d
+
G(v) is divisible by k.
Proof. The proof presented here is inspired by the proof of Theorem 2 in [20]. First split every vertex
v into two vertices v+ and v− such that v+ whose incident edges were directed away from v in G and v−
whose incident edges were directed toward v in G. Call the resulting (loopless) bipartite graph G0. In
this construction, every loop in G incident with v is transformed into an edge between v+ and v−. Next,
split every vertex v in G0 into vertices with degrees divisible by k, except possibly one vertex with degree
less than k. The resulting graph is still bipartite and has maximum degree at most k. Thus it admits
a proper edge-coloring with at most k colors c1 . . . , ck. Let Gi be the factor of G consisting of the edges
of G corresponding to the edges with color ci in G0. Note that for every vertex v, at least ⌊d
+
G(v)/k⌋
(resp. ⌊d−G(v)/k⌋) edges with color ci are incident with the vertex v
+ (resp. v−) in G0. Moreover, at most
⌈d+G(v)/k⌉ (resp. ⌈d
−
G(v)/k⌉) edges with color ci are incident with the vertex v
+ (resp. v−) in G0. We are
going to consider such a proper edge-coloring with the minimum
∑
1≤i≤j≤k |mi−mj|, where mi = |E(Gi)|.
We claim that for any two colors ci and cj , we have |mi −mj | ≤ 1. Suppose otherwise that there are two
colors ci and cj such that mi ≥ mj + 2. Consider these two colors with the maximum |mi −mj |. Let H
be the factor of G0 consisting of the edges that are colored with ci or cj . According to the proper edge
coloring of G0, the graph H must be the union of some paths and cycles. Since all cycles have even size and
mi ≥ mj +2, it is easy to check that there is a path P such that whose edges are colored alternatively by ci
and cj , and also whose end edges are colored with ci. Now, it is enough to exchange the colors of the edges
of P to find another proper edge-coloring that contradicts the minimality of
∑
1≤i≤j≤k |mi −mj |. Hence
we must have |mi−m/k| < 1 for every graph Gi, where m = |E(G)|. Therefore, G1, . . . , Gk are the desired
factors we are looking for. 
Corollary 2.2. Every general graph G can be edge-decomposed into k factors G1, . . . , Gk such that for each
v ∈ V (Gi),
⌊
dG(v)
2k
⌋+ ⌊
dG(v) + 1
2k
⌋ ≤ dGi(v) ≤ ⌈
dG(v)
2k
⌉+ ⌈
dG(v)− 1
2k
⌉.
Proof. First, consider an orientation for G such that for each vertex v, |d+G(v) − d
−
G(v)| ≤ 1. Next, apply
Theorem 2.1 on this directed general graph. 
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Let ε1, . . . , εk be k positive real numbers with ε1 + · · ·+ εk = 1. Assume that Theorem 1.5 holds for these
numbers but by replacing the upper bound of 3 on |dGi(v)−εidG(v)| by 1. For example, consider the special
case k = 2 [10]. By the same arguments stated in the poof of Theorem 2.1, one can prove the following
theorem for directed graphs.
Theorem 2.3. Let G be a general graph. If the edges of G are directed, then it can be edge-decomposed
into k factors G1, . . . , Gk such that for each v ∈ V (Gi),
|d−Gi(v)− εid
−
G(v)| < 1 and |d
+
Gi
(v) − εid
+
G(v)| < 1.
In particular, |dGi(v)− εidG(v)| < 1, when εid
−
G(v) or εid
+
G(v) is integer.
3 Graphs with high enough edge-connectivity
In this section, we are going to apply combinations of the following theorems on modulo orientation of
graphs and Theorem 2.1 and give several applications on equitable factorizations of general graphs.
Theorem 3.1.([7, 16]) Let G be a general graph, let k be an integer, k ≥ 2, and let p : V (G) → Zk be a
mapping with |E(G)|
k
≡
∑
v∈V (G) p(v). If G is (2k − 2)-tree-connected or (3k − 3)-edge-connected, then it
has a p-orientation modulo k.
Theorem 3.2.([7, 16]) Let G be a (loopless) graph, let k be an integer, k ≥ 2, and let p : V (G) → Zk
be a mapping with |E(G)|
k
≡
∑
v∈V (G) p(v) that for each vertex v, p(v) = 0 or p(v)
k
≡ dG(v). If G is
(2k − 1)-edge-connected essentially (3k − 3)-edge-connected, then it has a p-orientation modulo k.
Theorem 3.3.([7, 16]) Let G be a general graph of size and degrees divisible by k, where k is a positive
integer. Then G has an orientation with out-degrees divisible by k, if for every X ⊆ V (G) with |X ∩Q| odd,
dG(X) ≥ 3k − 2,
where Q is the set of vertices whose degrees are not divisible by 2k and |Q| is even.
3.1 Equitable factorizations
The following theorem improves the upper bound in Theorem 1.2 for highly edge-connected graphs.
Theorem 3.4. Let G be a general graph with z ∈ V (G) and let k be a positive integer. If G is (2k − 2)-
tree-connected or (3k − 3)-edge-connected, then it can be edge-decomposed into k factors G1, . . . , Gk such
that for each v ∈ V (Gi) \ z,
|dGi(v) − dG(v)/k| < 1.
Furthermore, for the vertex z, we can have |dGi(z)− dG(z)/k| < 2, and also |dGi(z)− dGj (z)| ≤ 2.
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Proof. By Theorem 3.1, the general graph G has an orientation such that for each v ∈ V (G)\z, d+G(v)
k
≡ 0,
and d+G(z)
k
≡ |E(G)|. Now, it is enough to apply Theorem 2.1. 
The following theorem improves the upper bound for the exceptional vertex z in Theorem 3.4 by imposing
a simple degree sum condition.
Theorem 3.5. Let G be a general graph and let k be a positive integer. Assume that G is (3k − 3)-edge-
connected or (2k − 2)-tree-connected. If there is a vertex set Z with |E(G)|
k
≡
∑
v∈Z dG(v), then G can be
edge-decomposed into k factors G1, . . . , Gk such that for each v ∈ V (Gi),
|dGi(v) − dG(v)/k| < 1.
Furthermore, the theorem holds for (2k − 1)-edge-connected essentially (3k − 3)-edge-connected loopless
graphs.
Proof. For each v ∈ Z, define p = dG(v), and for each v ∈ V (G) \ Z, define p = 0. By the assumption,
we have |E(G)|
k
≡
∑
v∈V (G) p(v). If G is (2k − 2)-tree-connected or (3k − 3)-edge-connected, then by
Theorem 3.1 the general graph G has a p-orientation modulo k so that for each v ∈ Z, d−G(v) is visible by k
and for each v ∈ V (G) \Z, d+G(v) is divisible by k. Hence the assertion follows from Theorem 2.1. If G is a
(2k− 1)-edge-connected essentially (3k − 3)-edge-connected loopless graph, then the proof can be obtained
by replacing Theorem 3.2. 
Corollary 3.6. Let G be a 5-edge-connected essentially 6-edge-connected graph. If G has not exactly one
vertex z with dG(z)
3
6≡ 0, then it can be edge-decomposed into three factors G1, G2, G3 such that for each
v ∈ V (Gi),
|dGi(v) − dG(v)/3| < 1.
Proof. Let Z ′ be the set of all vertices of G such that whose degrees are not divisible by k, where k = 3. If
|Z ′| ≥ k−1 or |Z ′| = 0, then there is a subset Z of Z ′ such that |E(G)|
k
≡
∑
v∈Z dG(v), because k is a prime
number. Notice that when |Z ′| = 0, |E(G)| is divisible by k. Hence the assertion follows from Theorem 3.5.

3.2 Graphs with size divisible by k
Graphs with size divisible by k are natural candidates for graphs satisfying the assumptions of Theorem 3.5.
We examine them to establish the following simpler version.
Theorem 3.7. Let G be a general graph of size divisible by k, where k is a positive integer. If G is (2k−2)-
tree-connected or (3k−3)-edge-connected, then it can be edge-decomposed into k factors G1, . . . , Gk with the
same size such that for each v ∈ V (Gi),
|dGi(v) − dG(v)/k| < 1.
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Proof. By Theorem 3.1, the general graph G has an orientation such that out-degree of each vertex is
divisible by k. Now, it is enough to apply Theorem 2.1. 
When the graph G whose degrees are also divisible by k, the needed edge-connectivity condition can be
replaced by an odd-element edge-connectivity condition as the next theorem by replacing Theorem 3.3 in
the proof.
Theorem 3.8. Let G be a general graph with size and degrees divisible by k, where k is a positive integer.
If for every vertex X with |X ∩ Q| odd, dG(X) ≥ 3k − 2, then G can be edge-decomposed into k factors
G1, . . . , Gk such that for each v ∈ V (Gi),
dGi(v) = dG(v)/k.
where Q is the set of vertices whose degrees are not divisible by 2k and |Q| is even.
Proof. By Theorem 3.3, the general graph G has an orientation such that out-degree of each vertex is
divisible by k. Now, it is enough to apply Theorem 2.1. 
The following corollary gives a supplement for Theorem 1.4 and partially confirms Conjecture 2 in [20].
Corollary 3.9. Every kr-regular general graph of even order with odd-element edge-connectivity at least
3k − 2 can be edge-decomposed into r-factors.
Corollary 3.10. Every 3r-regular general graph of even order with odd-element edge-connectivity at least
r − 2 can be edge-decomposed into 3-factors.
4 A sufficient edge-connectivity condition for the existence of ε-
factors
In this section, we shall improve the upper bound in Theorem 1.6 for edge-connected graphs.
Theorem 4.1. Let G be a connected general graph and let ε be a real number with 0 < ε < 1. Set I to be
the set of all vertices v that εdG(v) is integer, and assume that G has a vertex z that εdG(z) is not integer.
If for every nonempty subset X of I that G[X ] has an odd cycle, we have
dG(X) ≥


1/ε, when
∑
v∈X εdG(v) is odd;
1/(1− ε), when
∑
v∈X(1− ε)dG(v) is odd,
then G has a factor F such that for each vertex v,
|dF (v)− εdG(v)| < 1.
Furthermore, for the vertex z, we can arbitrary have dF (z) = ⌊εdG(z)⌋ or dF (z) = ⌈εdG(z)⌉ when |I| ≤
|V (G)| − 2.
Before proceeding with the proof, let us state a refined version of the well-known (g, f)-factor theorem due
to Lova´sz (1970).
Lemma 4.2.([14], see Page 5 in [18] Let G be a general graph and let g and f be two integer-valued functions
on V (G) with g ≤ f . Then G has a (g, f)-factor, if and only if for all disjoint subsets A and B of V (G),
ωg,f (G,A,B) < 1 +
∑
v∈A
f(v) +
∑
v∈B
(dG(v)− g(v)) − dG(A,B),
where ωg,f (G,A,B) denotes the number of components G[X ] of the general graph G \ (A ∪ B) such that
g(v) = f(v) for each v ∈ X, and
∑
v∈X f(v)
2
6≡ dG(X,B), and also G[X ] contains an odd cycle.
Now, we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. For each v ∈ V (G) \ z, define g(v) = ⌊εdG(v)⌋ and f(v) = ⌈εdG(v)⌉. If
|I| ≤ |V (G)| − 2, define g(z) = f(z) ∈ {⌊εdG(z)⌋, ⌈εdG(z)⌉}; otherwise, define g(z) = ⌊εdG(z)⌋ and
f(z) = ⌈εdG(z)⌉. Let A and B be two disjoint vertex subsets of V (G) with A ∪B 6= ∅. By the definition of
g and f , we must have
∑
v∈A
εdG(v) +
∑
v∈B
(1− ε)dG(v) < 1 +
∑
v∈A
f(v) +
∑
v∈B
(dG(v) − g(v)), (1)
whether z ∈ A ∪B or not. Take P to be the collection of all vertex sets X such that G[X ] is a component
of G \A ∪ B satisfying g(v) = f(v) for each v ∈ X , and
∑
v∈X εdG(v) =
∑
v∈X f(v)
2
6≡ dG(X,B), and also
G[X ] contains an odd cycle. It is easy to check that
∑
X∈P
(εdG(X,A) + (1− ε)dG(X,B)) ≤
∑
v∈A
εdG(v) +
∑
v∈B
(1 − ε)dG(v) − dG(A,B). (2)
Define Pc = {X ∈ P : dG(X,A) > 0 and dG(X,B) > 0}. Obviously,
|Pc| ≤
∑
X∈Pc
(ε+ (1− ε)) ≤
∑
X∈Pc
(εdG(X,A) + (1− ε)dG(X,B)).
Set Pa = {X ∈ P : dG(X,A) = 0} and Pb = {X ∈ P : dG(X,B) = 0}. Note that for every X ∈ Pa, we have
∑
v∈X
εdG(v) =
∑
v∈X
f(v)
2
6≡ dG(X,B) = dG(X)
2
≡
∑
v∈X
dG(v)
and hence
∑
v∈X(1 − ε)dG(v) must be odd. Moreover, for every X ∈ Pb,
∑
v∈X εdG(v) must also be odd.
Thus by the assumption, we must have
|Pa| ≤
∑
X∈Pa
(1− ε)dG(X) =
∑
X∈Pa
(εdG(X,A) + (1 − ε)dG(X,B)),
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and also
|Pb| ≤
∑
X∈Pb
εdG(X) =
∑
X∈Pb
(εdG(X,A) + (1− ε)dG(X,B)).
Therefore,
|P | = |Pa|+ |Pb|+ |Pc| ≤
∑
X∈P
(εdG(X,A) + (1− ε)dG(X,B)). (3)
According to Relations (1), (2), and (3) one can conclude that
ωg,f (G,A,B) = |P | < 1 +
∑
v∈A
f(v) +
∑
v∈B
(dG(v)− g(v))− dG(A,B).
When both of A and B are empty, the above-mentioned inequality also holds, because there is a vertex v
with g(v) < f(v) (possibly v = z) and hence ωg,f (G, ∅, ∅) = 0. Thus the assertion follows from Lemma 4.2.

Corollary 4.3. Let G be a connected general graph having a vertex whose degree is not divisible by k, where
k is a positive integer. If G is k-edge-connected, then it contains a factor F such that for each vertex v,
|dF (v)− dG(v)/k| < 1.
4.1 Graphs with εdG(v) integer
In this subsection, we shall give a supplement for Theorem 4.1 by restricting our attention to graphs that
εdG(v) is integer for all vertices v. Before doing so, let us state a simpler version of Lemma 4.2 due to
Tutte (1952).
Lemma 4.4.([21], see Page 5 in [18]) Let G be a general graph and let f be an integer-valued function on
V (G) with
∑
v∈V (G) f(v) even. Then G has an f -factor if and only if for all disjoint subsets A and B of
V (G),
ωf (G,A,B) < 2 +
∑
v∈A
f(v) +
∑
v∈B
(dG(v)− f(v))− dG(A,B),
where ωf (G,A,B) denotes the number of components G[X ] of the general graph G \ (A ∪ B) such that
∑
v∈X f(v)
2
6≡ dG(X,B), and also G[X ] contains odd cycle.
The following theorem provides a common improved version for several known results.
Theorem 4.5. Let G be a connected general graph with z ∈ V (G), and let ε be a real number with 0 < ε < 1.
Assume that for each vertex v, εdG(v) is integer. If for every nonempty proper vertex subset X of V (G)
that G[X ] contains an odd cycle, we have
dG(X) ≥


1/ε, when
∑
v∈X εdG(v) is odd;
1/(1− ε), when
∑
v∈X(1− ε)dG(v) is odd,
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then G has a factor F such that for each v ∈ V (G) \ z,
dF (v) = εdG(v)
Furthermore, for the vertex z, we can dF (z) = εdG(z) when
∑
v∈V (G) εdG(v) is even; otherwise, we can
arbitrary have dF (z) = εdG(z)− 1 or dF (z) = εdG(z) + 1.
Proof. Define f(v) = εdG(v) for each v ∈ V (G) \ z. When
∑
v∈V (G) εdG(v) is even, define f(z) = εdG(z);
otherwise, arbitrary define f(z) = εdG(z)− 1 or f(z) = εdG(z) + 1. Now, it is enough to repeat the same
arguments stated in the proof of Theorem 4.1 with g = f by replacing Lemma 4.4 in the proof instead of
Lemma 4.2. 
Corollary 4.6.([12]) Every r-regular bipartite graph has an r0-factor, where 1 ≤ r0 ≤ r.
Proof. It is enough to apply Theorem 4.5 on each component separately, and using the fact that bipartite
graphs have no odd cycles. 
The following corollary improves Theorem 3.4 in [1] by replacing a weaker edge-connectivity condition.
Corollary 4.7. Let r and r0 be two integers with 1 ≤ r0 ≤ r. Then a connected general graph G with
r0|V (G)| even has an r0-factor, if for every nonempty proper vertex subset X of V (G) with odd size,
dG(X) ≥


r
r0
, when r0 is odd;
r
r−r0
, when r − r0 is odd,
Proof. Apply Theorem 4.5 with ε = r0/r. 
The following corollary is an improved version of the main result in [2] by replacing an odd edge-connectivity
condition. Note that r-regular bipartite graphs are also odd-r-edge-connected.
Corollary 4.8. Let r and and r0 be two odd positive integers with r ≥ r0. If G is an odd-⌈r/r0⌉-edge-
connected r-regular general graph of even order, then it contains an r0-factor.
Corollary 4.9. Let G be a connected general graph with degrees divisible by k, where k is a positive integer.
Assume that
∑
v∈V (G) dG(v)/k is even. If G is k-edge-connected, then it contains a factor F such that for
each vertex v,
dF (v) = dG(v)/k.
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5 Equitable parity factorizations
In 1982 Hilton investigated parity factorizations of graphs with even degrees and constructed the following
result.
Theorem 5.1.([8]) Every graph G with even degrees can be edge-decomposed into k factors G1, . . . , Gk with
even degrees such that for each v ∈ V (Gi),
|dGi(v) − dG(v)/k| < 2.
Our aim in this section is to provide an extension for Theorem 5.1 in order to investigate parity factorizations
of general graphs. For this purpose, we need to formulate an improved version for Theorem 2.1 on the
factorization of directed graphs.
Theorem 5.2. Let G be a general graph and let k be a positive integer. If the edges of G are directed, then
it can be edge-decomposed into k factors G1, . . . , Gk such that for each v ∈ V (Gi),
|d−Gi(v)− d
−
G(v)/k| < 1 and |d
+
Gi
(v) − d+G(v)/k| < 1.
In addition, for each vertex u with d+G(u)
k
≡ d−G(u), we can have |dGi(u)− dGj (u)| ∈ {0, 2}, where 1 ≤ i ≤
j ≤ k.
Proof. We repeat the proof of Theorem 2.1 with minor modification. First split every vertex v into two
vertices v+ and v− such that v+ whose incident edges were directed away from v in G and v− whose incident
edges were directed toward v in G. Call the resulting (loopless) bipartite graph G0. In this construction,
every loop in G incident with v is transformed into an edge between v+ and v−. Next, split every vertex v
in G0 into vertices with degrees divisible by k, except possibly one vertex with degree less than k. Now, let
us add some artificial edges to the new resulting graph G′0. For every vertex u, with d
+
G(u)
k
≡ d−G(u)
k
6≡ 0,
take u+0 and u
−
0 to be the two vertices with the same degree strictly less than k obtained from splitting
of u+ and u−. Now, add some new artificial edges between these two vertices to construct vertices with
degree k. Apply this method for all such vertices u described above. Consider a proper edge-coloring with
at most k colors c1 . . . , ck for the resulting bipartite graph G
′′
0 . Let Gi be the factor of G consisting of the
edges of G corresponding to the edges with color ci in G0. Note that for every vertex v, at least ⌊d
+
G(v)/k⌋
(resp. ⌊d−G(v)/k⌋) edges with color ci are incident with the vertex v
+ (resp. v−) in G0. Moreover, at most
⌈d+G(v)/k⌉ (resp. ⌈d
−
G(v)/k⌉) edges with color ci are incident with the vertex v
+ (resp. v−) in G0. In
addition, for every vertex u, with d+G(u)
k
≡ d−G(u)
k
6≡ 0, either one edge between u+0 and u
−
0 in G
′′
0 (may be
an artificial edge) is colored with ci or two edges incident with u
+
0 and u
−
0 in G
′
0 are colored with ci. This
implies that for any two integers i, j ∈ {1, . . . , k}, we have |dGi(u)−dGj (u)| ∈ {0, 2}. Therefore, G1, . . . , Gk
are the desired factors we are looking for. 
Lemma 5.3.([16]) If G is an odd-(3k − 2)-edge-connected general graph, then it has an orientation such
that for each vertex v, d+G(v)
k
≡ d−G(v), where k is an odd positive integer.
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The following theorem generalizes Theorem 5.1 to graphs with arbitrary vertex degrees, when k is odd.
Theorem 5.4. Let G be a general graph and let k be an odd positive integer. If G is odd-(3k − 2)-edge-
connected, then it can be edge-decomposed into k factors G1, . . . , Gk such that for each v ∈ V (Gi), dG(v)
and dGi(v) have the same parity, and also
|dGi(v) − dG(v)/k| < 2.
Proof. By Lemma 5.3, the graph G has an orientation such that for each vertex v, d+G(v)
k
≡ d−G(v). Now,
it enough to apply Theorem 5.2. 
Corollary 5.5. Every odd-7-edge-connected (6m + 1)-regular general graph can be edge-decomposed into
three factors whose degrees lie in the set {2m− 1, 2m+ 1}.
6 A sufficient edge-connectivity condition for the existence of par-
ity ε-factors
As we already observed, Theorem 5.4 can guarantee the existence of many edge-disjoint parity factors in
odd-edge-connected graphs whose degrees are bounded and small compared to the original graph. In this
section, we turn our attention to find only one such factor by giving a better sufficient edge-connectivity
condition.
Theorem 6.1. Let G be a connected general graph, let εa and εb be two real numbers with 0 ≤ εa ≤ εb ≤ 1,
and let f : V (G) → Z2 be a mapping with
∑
v∈V (G) f(v)
2
≡ 0. If for every nonempty proper vertex subset X
of V (G),
dG(X) ≥


1/εb, when
∑
v∈X f(v) is odd;
1/(1− εa), when
∑
v∈X(dG(v)− f(v)) is odd,
then G has a factor F such that for each vertex v, dF (v)
2
≡ f(v), and
εadG(v) − 2 < dF (v) < εbdG(v) + 2.
Furthermore, for a given arbitrary vertex z, we can arbitrary have dF (z) ≥ εadG(z) or dF (z) ≤ εbdG(z).
For proving the theorem, we need the following well-known lemma due to Lova´sz (1972).
Lemma 6.2.([15]) Let G be a general graph and let g and f be two integer-valued functions on V (G)
satisfying g(v) ≤ f(v) and g(v)
2
≡ f(v) for each vertex v. Then G has a parity (g, f)-factor if and only if
for all disjoint subsets A and B of V (G),
ωf(G,A,B) < 2 +
∑
v∈A
f(v) +
∑
v∈B
(dG(v)− g(v))− dG(A,B),
12
where ωf (G,A,B) denotes the number of components G[X ] of the general graph G\(A∪B) with
∑
v∈X f(v)
2
6≡
dG(X,B).
Proof of Theorem 6.1. For each vertex v, define g0(v) ∈ {⌊εadG(v)⌋ − 1, ⌊εadG(v)⌋} and f0(v) ∈
{⌈εbdG(v)⌉, ⌈εbdG(v)⌉ + 1} such that g0(v)
2
≡ f(v)
2
≡ f0(v). If g(z) < εadG(z) and the goal is dF (z) ≥
εadG(z), replace g0(z) by g0(z) + 2, and if f(z) > εbdG(z) the goal is dF (z) ≤ εbdG(z), replace f0(z) by
f0(z)− 2. Let A and B be two disjoint vertex subsets of V (G) with A ∪B 6= ∅. By the definition of g and
f , we must have
∑
v∈A
εbdG(v) +
∑
v∈B
(1− εa)dG(v) < 2 +
∑
v∈A
f0(v) +
∑
v∈B
(dG(v)− g0(v)), (4)
whether z ∈ A ∪B or not. Take P to be the collection of all vertex sets X such that G[X ] is a component
of G \A ∪B satisfying
∑
v∈X f(v)
2
6≡ dG(X,B). Since εb ≥ εa, it is easy to check that
∑
X∈P
(εbdG(X,A) + (1− εa)dG(X,B)) ≤
∑
v∈A
εbdG(v) +
∑
v∈B
(1− εa)dG(v) − dG(A,B). (5)
Define Pc = {X ∈ P : dG(X,A) > 0 and dG(X,B) > 0}. Obviously,
|Pc| ≤
∑
X∈Pc
(εb + (1 − εa)) ≤
∑
X∈Pc
(εbdG(X,A) + (1 − εa)dG(X,B)).
Set Pa = {X ∈ P : dG(X,A) = 0} and Pb = {X ∈ P : dG(X,B) = 0}. Note that for every X ∈ Pa, we have
∑
v∈X
f(v)
2
6≡ dG(X,B) = dG(X)
2
≡
∑
v∈X
dG(v)
and hence
∑
v∈X(dG(v) − f(v)) must be odd. Moreover, for every X ∈ Pb,
∑
v∈X f(v) must also be odd.
Thus by the assumption, we must have
|Pa| ≤
∑
X∈Pa
(1 − εa)dG(X) =
∑
X∈Pa
(εbdG(X,A) + (1− εa)dG(X,B)),
and also
|Pb| ≤
∑
X∈Pb
εbdG(X) =
∑
X∈Pb
(εbdG(X,A) + (1 − εa)dG(X,B)).
Therefore,
|P | = |Pa|+ |Pb|+ |Pc| ≤
∑
X∈P
(εbdG(X,A) + (1 − εa)dG(X,B)). (6)
According to Relations (4), (5), and (6) one can conclude that
ωf (G,A,B) = |P | < 2 +
∑
v∈A
f0(v) +
∑
v∈B
(dG(v)− g0(v)) − dG(A,B).
When both of A and B are empty, the above-mentioned inequality also holds, because ωf (G, ∅, ∅) = 0. Thus
the assertion follows from Lemma 4.2. 
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Corollary 6.3. If G is a 3-edge-connected general graph, then it has a factor F such that for each vertex
v, dF (v) is odd if and only if dF (v) ∈ Q, and also
|dF (v)− 2dG(v)/3| < 2,
where Q is a given arbitrary vertex subset of V (G) with even size.
Corollary 6.4. Let G be a general graph and let ε be a real number with 0 ≤ ε ≤ 1. If G has even degrees,
then it contains a factor F with even degrees such that for each vertex v,
|dF (v)− εdG(v)| < 2.
Corollary 6.5. Let G be a 2-edge-connected general graph and let ε be a real number with 0 ≤ ε < 1. If G
is odd-⌈1/(1− ε)⌉-edge-connected, then it has a factor F with even degrees such that for each vertex v,
|dF (v)− εdG(v)| < 2.
An immediate consequence of the following corollary was appeared in [13] which says that every 2-edge-
connected graph with minimum degree at least three admits a factor whose degrees are even and positive.
Corollary 6.6. Let G be a general graph and let ε be a real number with 0 ≤ ε ≤ 2/3. If G is 2-edge-
connected, then it has a factor F with even degrees such that for each vertex v,
|dF (v)− εdG(v)| < 2.
By replacing Corollary 6.4 in the proof of Theorem 1.5, one can derive the following more general version
but with greater bounds.
Theorem 6.7. Let ε1, . . . , εk be k positive real numbers with ε1+ · · ·+ εk = 1. If G is a general graph with
even degrees, then it can be edge-decomposed into k factors G1, . . . , Gk with even degrees such that for each
v ∈ V (Gi),
|dGi(v)− εidG(v)| < 6.
Proof. Apply Corollary 6.4 and the same arguments stated in the proof of Theorem 4 in [3]. 
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